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We propose that a quantum anomalous Hall insulator (QAHI) can be realized in a nanopatterned 
two-dimensional electron gas (2DEG) with a small in-plane magnetic field and a high carrier density. 
The Berry curvatures originating from the in-plane magnetic field and Rashba and Dresselhaus spin- 
orbit coupling, in combination with a nanoscale honeycomb lattice potential modulation, lead to 
topologically nontrivial insulating states in the 2DEG without Landau levels. In the bulk insulating 
gaps, the anomalous Hall conductivity is quantized —e 2 /h, corresponding to a finite Chern number 
— 1. There exists one gapless chiral edge state on each edge of a finite size 2DEG. 
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I. INTRODUCTION 

The quantum Hall effect was observed in a two- 
dimensional electron gas in the presence of a high per- 
pendicular orbital magnetic field, which breaks the time 
reversal symmetry (TRS) and leads to Landau levels for 
quantum states. The TRS can also be broken sponta- 
neously {e.g., in a ferromagnetic phase) or by other means 
without the external orbital magnetic field and the asso- 
ciated Landau levels. The TRS breaking without Landau 
levels, together with spin-orbit coupling, yield the ex- 
perimentally observed anomalous Hall effects (AHE) in 
ferromagnetic semiconductors 1 ' 2 . The quantized version 
of the AHE, i.e., a quantum anomalous Hall insulator 
(QAHI), is a band insulator with quantized charge Hall 
conductivity but without Landau levels. The QAHI was 
first proposed by Haldane in a honeycomb lattice with 
periodic magnetic fields that induce circulating current 
loops within one unit cell 3 -^. Motivated by the study 
of quantum spin Hall insulator— ~—, the QAHI has been 
predicted recently to exist in HgMnTe quantum wells^, 
BiTe topological insulators^ 3 -, and graphene with Rashba 
spin-orbit coupling—. In these proposals, the TRS is bro- 
ken by an exchange Zeeman field induced by uniformly 
doping or adsorbing transition metal atoms. Schemes 
for realizing a QAHI using ultracold atoms in optical 
lattices^ were also proposed. However, no experimen- 
tal observation of the QAHI has been reported hitherto. 

In this paper, we propose to realize a QAHI in a 
nanopatterned 2DEG with a high carrier density (~ I0 11 
cm -2 ) and a small in-plane magnetic field (~ 0.5 T). 
The electrons in the 2DEG are modulated by an external 
nanoscale honeycomb lattice potential^, which has been 
experimentally realized in many solid state systems^— . 
In our scheme, the required TRS breaking for the QAHI 
is achieved using a small in-plane magnetic field, which 
produces an in-plane Zeeman field for electrons. Note 
that an in-plane magnetic field does not induce orbital 
physics and the associated Landau levels. The 2DEG is 
confined in a semiconductor quantum well grown along 
the specific (110) direction 21-23 with both Rashba and 
Dresselhaus spin-orbit coupling. We show that a com- 



bination of the honeycomb lattice modulation, Rashba 
and Dresselhaus spin-orbit coupling, and the small in- 
plane magnetic field, can open two topologically nontriv- 
ial bulk energy gaps in the spectrum, in which the charge 
Hall conductivity is quantized —e 2 /h (corresponds to a 
finite Chern number —1). Here e is the charge of electron 
and h is the Plank constant. We calculate the Berry cur- 
vature distribution and characterize the dependence of 
the anomalous Hall conductivity on the chemical poten- 
tial. We show that there exist one gapless chiral edge 
state on each edge of a finite size 2DEG, consisting with 
the Chern number — 1. Finally, we show that the QAHI 
can be observed in a wide range of experimentally feasible 
parameters. 

There are two main advantages of using the nanopat- 
terned 2DEG for realizing a QAHI: 1) The 2DEG has 
been studied for several decades and accumulated tech- 
nology for semiconductors makes it a promising experi- 
mental candidate. One outstanding feature of a 2DEG is 
its high purity, leading to high mobility of electrons. 2) 
The small in-plane magnetic field (~ 0.5T) can be gener- 
ated using permanent bar magnets or magnetic current 
coils, which are much easier to implement and tune to a 
large magnitude in experiments than doping or adsorb- 
ing transition metal elements in topological insulator or 
graphene^ 2 - - — . The bar magnets or coils can be easily in- 
tegrated into the design of the QAHI, and their great tun- 
ability (compared to doping magnetic atoms) may lead 
to new functionality for device applications. 

The paper is organized as follows: Section II illustrates 
the proposed experimental setup for the observation of 
QAHI. Section III describes the QAHI in a 2DEG in 
the presence of a honeycomb lattice potential modula- 
tion and an in-plane magnetic field. The experimental 
parameters for the observation of the QAHI is also dis- 
cussed. Section IV is the conclusion. 



II. PROPOSED EXPERIMENTAL SCHEME 

The proposed experimental scheme is illustrated in 
Fig. [TJ A 2DEG is confined in a quantum well grown 




FIG. 1. (Color online) Schematic illustration of the proposed 
experimental scheme. The 2DEG confined in a quantum 
well grown along (f 10) direction, which possesses Rashba and 
Dresselhaus spin-orbit coupling simultaneously. A small in- 
plane magnetic field, generated by bar magnets or magnetic 
current coils, is applied to generate an in-plane Zeeman field. 
There are nanoscale periodic modulation pillars (radius b) 
with a honeycomb lattice structure on top of the 2DEG. 
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FIG. 2. Plot of the anomalous charge Hall conductivity oh 
versus the chemical potential /i without (a) or with (b) lattice 
modulation, (a) aofc = 0.8, ank c = 0.8, h y = 0.5. The space 
between dashed lines is the gap A between two energy bands. 
The energy unit is chosen as ft 2 fc;?/m*, with k c = 3 nm _1 for 
a D = 0.3 eV-A. (b) X R = 0.3, X D = 0.8, h y = 1.6. The energy 
unit is tunneling amplitude t. 



along the (110) directio n 21 ' 22 with the layer inversion 
symmetry explicitly broken by imbalancing the quantum 
well using a gate voltage and/or chemical means. The 
Rashba and Dresselhaus spin-orbit coupling coexist in 
such a 2DEG, and the dynamics of electrons in the pres- 
ence of an in-plane magnetic field can be described by 
the Hamiltoniar* 2 ^, 

h 2 k 2 

H a = —— - + a R {k y a x - k x a y ) + a D k x a z + h y a y , (1) 

where m* is the effective mass of electrons in the con- 
duction band, olr and old are the strengths of Rashba 
and Dresselhaus spin-orbit coupling respectively, a — 
{o x ,<Jy,<Jz) are Pauli matrices, and h y is the magnitude 
of the in-plane Zeeman field induced by a small in-pane 
magnetic field that can be generated by bar magnets or 
magnetic current coils. The Hamiltonian ([T]) has two 

eigenenergies E±k = ± Eq with 

E a = yfa%k% + c? R k 2 + (a R k x - h v ) 2 . (2) 

The minimum energy gap between two bands is A = 
2oiDhy/ \J a 2 D + a 2 R that occurs at k x = aRh y /(a 2 D + ct R ) 
and k y = 0. The gap is nonzero only for nonzero old 
and h y . The 2DEG is modulated by a two-dimensional 
honeycomb lattice potential (Fig. [1]) 

V (r) = V if |r - r,-| < b; otherwise 0, (3) 

where Yj is the honeycomb lattice point, b is the radius of 
the nanoscale pillar, and the lattice constant o,q = a/v3. 
The lattice structure has been realized in a GaAs 2DEG 
in a recent experimen t 17 ' 18 . 

III. QAHI IN A 2DEG 

A. 2DEG without lattice modulation 

Before presenting the QAHI physics with the lat- 
tice modulation, we first discuss the intrinsic AHE in 



the 2DEG without the lattice potential, which origi- 
nate from the nontrivial topological properties induced 
by the spin-orbit coupling and the in-plane Zeeman field. 
The Rashba and Dresselhaus spin-orbit coupling, to- 
gether with the TRS breaking induced by the in-plane 
Zeeman field, yield non-zero Berry curvatures Q± = 
— 2Im(^^|^^)e 2 for electrons in the two energy bands 
E±k. Here $± are the eigenfunctions of the Hamiltonian 
©• 

Straightforward calculation shows 

^± = Ta R a D h y B z /2El, (4) 

which have the same amplitude but opposite sign in two 
bands. $l± are equivalent to an effective magnetic field in 
momentum space and yield an anomalous velocity of elec- 
trons v = eE x when an electric field E is applied 2 . 
The intrinsic AHE is the manifestation of the anomalous 
velocity of electrons with the Hall conductivity 

where f(E nk ) = 1/ '( e {E ^~^l kBT + 1) is the Fermi-Dirac 
distribution, /i the chemical potential, n — ± is the band 
index, kg is the Boltzmann constant and T is the tem- 
perature. 

Fig. [2^i shows the dependence of uh on the chemical 
potential y, at zero temperature, /j, can be tuned in exper- 
iments by varying the gate voltage of the quantum well. 
When [i lies just above the energy minimum of the lower 
band, the Berry curvature for occupied electrons is small 
and an is small. When [i sweeps across the energy gap 
between two bands, <7h reaches the maximum. Further 
increase of \i leads to the occupation of electrons in the 
upper band and the decrease of <jh due to the cancella- 
tion of the contributions from two bands with opposite 
sign of the Berry curvatures. When fi — > oo, the total 
<jh approaches zero. 
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FIG. 3. (Color online) (a) Plot of the energy spectrum of 
the tight-binding Hamiltonian A_r = 0.3, Ad = 0.8 and 
h y = 1.6. (b)-(d) Plot of the bulk energy gap between the 
lowest two bands for different parameters, (b) Xr = 0.3. (c) 
A D = 0.8. (d) h v = 1.5. 



B. QAHI with lattice modulation 

A QAHI is a band insulator with a bulk energy gap 
opened in the spectrum. Generally, a bulk energy gap 
can be obtained by coupling electrons to a periodic lat- 
tice potential, which transforms the plane wave states 
to the Bloch states of electrons. In this Letter, we con- 
sider a honeycomb lattice potential modulation ^ of the 
2DEG in the tight-binding region, where the free space 
Hamiltonian ([1} changes to 

H = ~t^2 cjcj + iX R [ax dij ■ e z ] Cj 
(ij) (ij) 
+ iX D 4 [a x ■ e y ] c 3 + h y ^ 4 a v c i > ( 6 ) 

(ij) ' 

where 4( c i) crea tes (annihilates) an electron at site 
i, (ij) represents two nearest neighboring sites, t — 
J d 2 r** (r) V (r) * (r - a) is the spin-independent near- 
est neighbor tunneling strength, <fr (r) is the eigenstates 
of a single pillar centered at the origin and a is a nearest- 
neighbor position vector. For b/ao ~ 0.23, t/£x ~ 

0.06exp(-Vb/0.85i; L )iLi£, where E L = ^ (f^) is 

the energy defined by the lattice constant ao- Xr and 
Xjj are the spin-dependent nearest neighbor tunneling 
strengths originating from Rashba and Dresselhaus spin- 
orbit coupling, dij is the unit bond vector between near- 
est neighboring sites i and j, h y is the in-plane Zeeman 
field. Henceforth we set t = 1 as the energy unit. 

The energy spectrum is obtained by numerically diag- 
onalizing the tight-binding Hamiltonian ([B]) in momen- 
tum space through the Fourier transformation c, (r, a) = 



Sk c k ( r i a ) ex P (— «k • Rj), assuming a periodic bound- 
ary condition of the system. Here r = {A, B} represent 
two sublattice degrees of freedom of electrons in a hon- 
eycomb lattice, and a = {f, |} are the spin degrees of 
freedom. These four degrees of freedom lead to four en- 
ergy bands of the Hamiltonian ([5]), as plotted in Fig. 
[5^,. There are energy gaps opened between the lowest 
two bands and the highest two bands respectively. The 
gaps exist for a wide range of physical parameters. Tak- 
ing account of the symmetry between two gaps, we only 
need characterize the gap between the lowest two bands, 
which is plotted in Figs. [3jD-[5Ji for different parameters. 
Figs. [3p and[3fc have constant A^, = 0.3 and = 0.8 
respectively. Clearly, the gap is opened only above a crit- 
ical value of h y . Fig. [3ji is plotted with a fixed h y = 1.5. 
The gap only exists in certain area in the parameter plane 
spanned by Xr and Xd ■ The presence of the bulk energy 
gap indicates an insulating state of the system. Another 
interesting feature of our system is that there is no gap 
between the second and third bands. Instead, the valley 
centers at these two bands shift to opposite directions due 
to the lack of in-plane rotation symmetry of the Hamilto- 
nian ©. Although these two bands do not touch at any 
k, a full energy gap does not exist. This is very different 
from the graphene scheme with Rashba spin-orbit cou- 
pling and perpendicular exchange field, where the gap is 
opened between the second and third bandsi^. 

The nanopatterned 2DEG inherits the topological 
properties of the 2DEG without the lattice modulation. 
We numerically calculate the Berry curvature distribu- 
tion in the lowest band and plot it in Fig. |U The 
peaks of the Berry curvatures shift toward the positive 
k x direction from the corners of the Brillouin zone, which 
can be understood from the fact that the Berry curva- 
ture (j4]) without the lattice modulation has a peak at 
k x = ocfthy/ '{or D + a R ) due to the in-plane Zeeman field 
and Dresselhaus spin-orbit coupling that destroy the ro- 
tation symmetry in the plane. 

When the chemical potential lies inside the bulk gap, 
the 2DEG is a insulator and there is no longitudinal cur- 
rent with an applied electric field. However, as we have 
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FIG. 4. (Color online) Contour plot of the Berry curvature 
in the lowest band. A_r = 0.3, Ad = 0.8, h y = 1.6. The 
dashed line is the boundary of the first Brillouin zone of the 
honeycomb lattice. 
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FIG. 5. (Color online) Band spectrum of a nanopatterned 
2DEG with a zigzag boundary along the x direction. Xr — 
0.3, Ad = 0.8, h y = 1.6. The red lines are the gapless chiral 
edge states. 

discussed in the case without lattice modulation, the non- 
zero Berry curvature can yield a transversal Hall cur- 
rent by inducing an anomalous velocity of electrons. The 
anomalous Hall conductivity uh, calculated from Eq. ([5]) 
by integrating the Berry curvature over the first Brillouin 
zone, is found to be quantized —e 2 /h in both gaps (Fig. 
[2}}). The quantized cr# is directly related to the topo- 
logical invariant of the system known as the first Chern 
number C^. The Hall conductivity can be expressed as 

2 

<jh = jrC, with 

e=[ (7) 

Jbz ^ 

as the integral over the first Brillouin zone. Therefore 
C = —1 for both gaps in the nanopatterned 2DEG. 
Note that here the quantized anomalous Hall conductiv- 
ity originates from the interplay between the sublattice 
and spin degrees of freedom of electrons in the honey- 
comb lattice. We have checked that a simple square lat- 
tice modulation does not lead to the quantized an- 

In a QAHI, currents flowing along the boundary of the 
system form gapless chiral edge states within the gap, 
which are the manifestation of the quantized Hall conduc- 
tivity obtained from the bulk topological property. The 
emergence of gapless chiral edge states can be obtained 
from the energy spectrum of a finite two dimensional sys- 
tem. We construct a finite size nanopatterned 2DEG that 
has a zigzag boundary along the x direction and is infinite 
along the y direction. The resulting energy spectrum is 
shown in Fig. [5] There are still two gaps opened between 
the lowest two bands and the highest two bands. Within 
each gap, there exist two gapless chiral edge states on 
two edges of this finite size 2DEG. The number of edge 
states on each edge is equal to the absolute value of the 
first Chern number \C\ = 1, as expected. The chiral edge 
currents can be probed in a typical six-probe Hall-bar 
experimental setup. 

C. Experimental parameters 

In experiments, the honeycomb potential modulation 
on a 2DEG with a typical lattice constant ao ~ 130 



nm has been realize d 17 i 18 . More generally, nanostruc- 
tures with the square lattice geometry and a typical lat- 
tice constant ao ~ 10 nm have also been realized in 
many experiment o 19 ' 20 . Implementing honeycomb lat- 
tice structures with similar small lattice constants should 
be straightforward. We consider InSb semiconductor 
quantum wells with large spin-orbit coupling. The ef- 
fective mass of electrons in the conduction bands is 
to* = 0.014m e , therefore the corresponding energy unit 

of the lattice system is E L = ^ (jjA -6.2 mcV 

for ao — 130 nm, and 6 — 30 nm. For a lattice 
depth Vo — 0.6El — 3.7 meV and electron density 
n ~ 5 x 10 9 cm~ 2 (roughly one electron per site), the 
nanopatterned 2DEG is in the tight-binding region, with 
a typical tunneling strength between neighboring lattice 
sites t ~ 0.03^ ~ 0.2 meV. For a ~ 130 nm, the typi- 
cal Rashba and Dresselhaus spin-orbit coupling strength 
that can be reached in an InSb 2DEG are Xr — 0.08 
meV, and A,d — 0.2 meV— , which are within the pa- 
rameter region where the band gaps are opened. The 
InSb also has a large g factor g ~ 702£, which ensures 
an in-plane Zeeman energy h y — 0.25 meV can be easily 
realized with a small magnetic field — 0.1 T generated 
by bar magnets or magnetic current coils. The result- 
ing gap size is ~ 0.15 meV, which corresponds to — 2 K 
temperature and can be easily achieved in a 2DEG. 

The size of the gap and the density of electrons can be 
further increased by using a smaller lattice constant in ex- 
periments. For instance, for ao ~ 30 nm, b ~ 7 nm with 
corresponding spin-orbit coupling energies A^ — 0.35 
meV, Xd ~ 0.8 meV, a set of physical parameters within 
current experimental technology are El ~ 116 meV, 
B ~ 0.5 T, h y ~ 1 meV, n ~ 1.3 x 10 11 cm" 2 , and 
t ~ 0.008£ L - 0.8 meV for V ~ 1.8E L . The resulting 
gap is now — 0.5 meV (~ 6 K). With such a high car- 
rier density n and the high mobility of electrons in the 
2DEG2£, the effects of disorder can be neglectedi&2S. To 
reduce the required magnitude of Vb, a two-dimensional 
hole gas may be used, which has larger effective mass 
to,* = 0.43to 6 , leading to much smaller E\ = 0.03E L . 
Finally, we remark that although quantum Hall effects 
have been observed in graphene at a medium magnetic 
field ~ 2 T— , the Hall plateau is small and the corre- 
sponding Hall conductivity <th — 14e 2 /h (a very large 
magnetic field (> 10 T) is needed to reach <jh = e 2 /h). 



IV. CONCLUSION 

In summary, we find that a QAHI can be realized in a 
2DEG with a high carrier density, a small magnetic field, 
and a nanoscale honeycomb lattice potential modulation. 
We show that topologically nontrivial band energy gaps 
can be opened, within a wide range of experimentally 
feasible parameters, through a combination of the hon- 
eycomb lattice, Rashba and Dresselhaus spin-orbit cou- 
pling, and a small in-plane magnetic field. Quantum 
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anomalous Hall effects can be observed in the bulk gaps 
with a quantized Hall conductivity <jjj = —e 2 /h 1 corre- 
sponding to a Chern number C = — 1. 
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